ABSTRACT. In this short note, we complete the description of low-degree characteristic classes of oriented 3-plane bundles over a 6-complex. Our goal is to point out and correct an error in L. M. Woodward's 1982 paper "The classification of principal PU n -bundles over a 4-complex."
Theorem 1.
Let X be a 6-dimensional CW complex. Consider the map (1) [X, BSO 3 ] → H 2 (X, Z/2) × H 4 (X, Z)
which sends an oriented 3-plane bundle ξ on X to the pair of cohomology classes (w 2 (ξ), p 1 (ξ)), where w 2 (ξ) is the second Stiefel-Whitney class and p 1 (ξ) is the first Pontrjagin class. Let ρ 4 * : H 4 (X, Z) → H(X, Z/4) denote reduction modulo 4, and let P 2 : H 2 (X, Z/2) → H 4 (X, Z/4) be the Pontrjagin square. The image of (1) consists of the set of classes (x, y) satisfying
such that u(x, y) = 0, where u(x, y) is a certain function on the set of pairs of cohomology classes satisfying (2) with values in H 6 (X, Z/2), to be defined below. Moreover, there is a 6-dimensional CW complex X and a pair of classes (x, y) satisfying (2) such that u(x, y) = 0.
Previous work of Woodward [7] , using the language of principal PU 2 -bundles and the exceptional isomorphism PU 2 ∼ = SO 3 1 , purported to solve this problem as well. Unfortunately, the part of the main theorem of Woodward dealing with 3-planes on 6-complexes is mistaken, because of the incorrect assumption there that π 5 BSO 3 = 0, which appears on p.521. As shown by Bott [3, Theorem 5] , π 5 BSO 3 = Z/2. We explain how this affects the main theorem of [7] , and how to correct the theorem. The correction requires more than simply re-writing Woodward's proof to take the correct homotopy group into account; we need additional information, which comes from the Postnikov tower of BSO 3 .
Woodward claimed that the image of the map (1) consists of classes satisfying (2) with no other restrictions when X is a CW complex of dimension at most 6. Only a small portion of this claim is false: when dim X = 6, there are some 
Thus, given a 3-plane bundle ξ over X, the characteristic classes are given by the composition (2) is expressed in the fact that this map lands in the fiber of (3). We are left with the problem of computing the image of [X, BSO 2 [5] [4] , Z/2), the map is classified by a class u ∈ H 6 (BSO 3 [4] , Z/2).
Definition 2.
Given a space X and classes (x, y) ∈ H 2 (X, Z/2) × H 4 (X, Z) satisfying (2), one has a uniquely determined map f : X → BSO 3 [4] , and hence a cohomology class f * (u) ∈ H 6 (X, Z/2). In order for f to lift to a map X → BSO 3 [5] , it is necessary for f * (u) = 0. If dim X ≤ 6, this is also a sufficient condition. If f is determined by classes (x, y) satisfying (2), write u(x, y) for f * (u); thus, u(x, y) ∈ H 6 (X, Z/2).
Proof of theorem. Since Woodward identified BSO 3 [4] as the fiber of the map
, given by relation (2), the image of the composition
consists of pairs of classes satisfying (2) . By the theory of Postnikov towers, a map f : X → BSO 3 [4] lifts to X → BSO 3 [5] if and only if f * (u) = 0, which by our definition, occurs if and only if u(x, y) = 0. Since on a 6-complex any map X → BSO 3 [5] lifts to a map X → BSO 3 , this proves the first statement.
To prove the second statement is equivalent to showing that the extension K(Z/2, 5) → BSO 3 [5] → BSO 3 [4] is non-split. Indeed, if it is non-split, then the 6-skeleton of BSO 3 [4] together with the composition
gives an example.
Recall that PU 2 = SU 2 /Z/2, where Z/2 is the center of the special unitary group SU 2 . The quotient map SU 2 → PU 2 ∼ = SO 3 induces a map on classifying spaces BSU 2 → BSO 3 , which induces an isomorphism on homotopy groups π i for i > 2. By the naturality of Postnikov towers, there is thus a map of extensions [4] .
If the class of the extension in Hthe non-zero class in H 6 (K(Z, 4), Z/2), it follows that the asserted classes form a basis for H 6 (BSO 3 [4] , Z/2), as desired.
